We analyze the AdS 3 × M 7 -type supersymmetric solutions, including nontrivial fluxes, of Killing spinor equations in heterotic supergravity. We classify these solutions using their G-structures and intrinsic torsions, for the cases that the number of sevendimensional Killing spinors N are equal to 1, 2, 3 and 4. We find that the solutions cannot have a nontrivial warp factor and the seven-dimensional manifold M 7 is characterized by G 2 (SU(3))-structures for the N = 1 (2) case and an SU(2)-structure for the N = 3 and 4 cases. They are further classified using their nontrivial intrinsic torsions. It is shown, including the leading-order α ′ -corrections, that if we impose the Bianchi identities, the integrability conditions of the Killing spinor equations imply that all the field equations are satisfied. * )
§1. Introduction
It is important to investigate the classical solutions of supergravity that preserve some supersymmetries. In particular, solutions including AdS-space are interesting from the viewpoint of the AdS/CF T correspondence.
1) They provide us with a deeper understanding of the dynamics of both gauge theory and gravity.
In particular, the AdS 3 /CF T 2 correspondence in heterotic string theory has recently been studied, 2)-5) in which it was conjectured to exist as a CF T dual of a geometry describing a fundamental heterotic string. A mini-black-string solution 6), 7) was considerd in the five-dimensional heterotic supergravity, obtained by T 5 -compactification, with R 2 correction terms. 8) Without R 2 corrections, the solution has a zero horizon area and thus there is no room for the AdS-space to appear. However, once the corrections are included, the horizon is stretched 9) and its near-horizon geometry becomes the AdS 3 -space. Unfortunately, however, such a mini-black-string solution is yet unknown in the ten-dimensional heterotic supergravity, which is required for more general compactifications. It is interesting, therefore, to study supersymmetric classical solutions in the form of AdS 3 × M 7 , admitting a warp factor in general, taking into account the R 2 corrections.
In general, manifolds described by supersymmetric classical solutions with nontrivial fluxes are characterized by G-structure, which are generalizations of those with special holonomy. 10) As is well known, if we set all the fluxes to zero, supersymmetric solutions yield some special holonomy manifolds. However, if the fluxes are switched on, they no longer have special holonomy but are characterized by G-structure. The main difference between the two characterizations is on the differential conditions on the characteristic forms. For example, let us consider a three fold with SU(3) holonomy, a Calabi-Yau (CY) manifold. The characteristic forms in the CY manifold are two closed forms, namely a Kähler form and a holomorphic three-form. If we relax the closedness conditions for these forms, the three-fold no longer has SU(3) holonomy but is characterized by more general SU(3)-structure.
* ) The deviation away from the special-holonomy manifold is measured using the intrinsic torsion of the SU(3)-structure. In summary, the geometry of the supersymmetric solutions with fluxes is characterized by G-structure, which is further classified by its intrinsic torsion. * * )
At the same time, we can show that all the equations of motion are automatically satisfied for the AdS 3 ×M 7 -type space-time, if we impose the Killing spinor equations and the Bianchi identities. This holds including R 2 corrections, or equivalently the leading α ′ correction. In this regard, however, the Killing spinor equations are special in the sense that they do not have the leading α ′ -corrections. 24) In other words, the α ′ -corrections appear only through the Bianchi identities.
In this paper, we classify the solutions of Killing spinor equations, in the form of AdS 3 × M 7 , for the cases that the number of seven-dimensional Killing spinors N are equal to 1, 2, 3, and 4 in ten-dimensional heterotic supergravity. * ) We found that the warp factor has to be constant, thus the space-time takes the form of the direct product of AdS 3 and M 7 . The seven-dimensional manifold M 7 admits G 2 or SU(3)-structure for the case of N = 1 or N = 2, respectively. For the N = 3 and 4 cases, it is characterized by the SU(2)-structure again. The intrinsic torsions, further classifying these G-structure manifolds, are also given. The paper is organized as follows. To fix our conventions, we summarize the equations of motion, Bianchi identities, and the Killing spinor equations in the ten-dimensional heterotic supergravity with the leading-order α ′ -corrections in §2. In §5, we introduce a fermion representation of SO (7) spinors and simplify general spinors by choosing a special local Lorentz frame. 29), 30) The bilinear forms of the Killing spinors are introduced in §3. These forms are invariant under some group G (⊂ SO (7)) and give G-invariant forms defining the G-structure. They satisfy the differential equations derived from the Killing spinor equations, which are computed in §4. They can be interpreted in terms of the intrinsic torsion and fall into a number of classes. In §6, we show that Killing spinor equations and Bianchi identities imply all the equations of motion with the leading-order α ′ -corrections. The final §7 is devoted to summarizing the results. In addition, two appendices are also given. In Appendix A, we summarize the conventions for a representation of the SO(7) gamma matrices used in the text. The decompositions of general fluxes into G-representations are given in Appendix B. §2. Heterotic supergravity on AdS 3 × M 7
In this section, we present the equations of motion, Bianchi identities, and Killing spinor equations including the leading α ′ -corrections to fix our conventions. After assuming some ansatz on metric and fluxes, we rewrite the Killing spinor equations on AdS 3 × M 7 .
Equations of motion, Bianchi dentities and Killing spinor equations
The equations of motion in heterotic supergravity, 31)-33) including α ′ -order corrections, are given by
For more general analysis without AdS 3 × M 7 ansatz, see Refs. 25)-28).
−2α
3)
In addition, the Bianchi identities for three-form flux H and gauge field strength F are given by
and
respectively.
The classical solution of these equations of motion is called supersymmetric, if we further require the supersymmetry transformation of the fermion fields to vanish, which imposes the preseration of the supersymmetry on the solution.
For heterotic supergravity, the conditions for preserving the supersymmetry are given by 
Ansatz for metric, fluxes, and spinor
We assume that the ten-dimensional metric takes the form of
where µ, ν = 0, 1, 2 and m, n = 1, · · · , 7. The metricsg µν (x) and g mn (y) are those of AdS 3 and M 7 manifolds, respectively. The warp factor A(y) is assumed to depend only on the six-dimensional coordinates {y m }.
We also assume the forms of the three-form H and the gauge field F as 13) which are consistent with the isometry of the AdS 3 × M 7 space-time. By definition, there is, at least, one Killing spinor η when we consider supersymmetric classical solutions. A ten-dimensional Majorana-Weyl spinor η satisfying
14) 15) can be decomposed as 16) where θ(x) (ǫ(y)) is a three-(seven-)dimensional spinor satisfying the Majorana conditions
The three-dimensional Killing spinor equation,
is also assumed, where ∇ (3) is the Levi-Civita connection of AdS 3 and a is a constant related to the three-dimensional cosmological constant as Λ = −2a 2 .
Decomposition of the Killing spinor equations
By using this ansatz, the Killing spinor equations can be written as
The seven-dimensional covariant derivative
m is defined by
25) * ) We omit the superscript (7) for simplicity.
where ω mnp = ω mnp en n ep p is the spin connection and the three-form flux H nmp is interpreted as a torsion. It is useful to define a nonminimal spin connection as ω In this section, we first introduce the fermion representation of seven-dimensional spinors, which is useful for solving Killing spinor equations explicitly. We simplify the forms of the Killing spinors, for the cases N = 1, 2, 3, and 4, using the differential Killing spinor equation (2 . 20) and the degrees of freedom of the local Lorentz transformation. Accordingly, the differential Killing spinor equation can be solved by setting some components, irreducible representations of G-structure, of the (nonminimal) spin connection equal to zero. Then, we consider the bilinear n-forms of the Killing spinors,
where n = 1, 2, 3 * ) and a, b = 1, · · · , N, which characterize the G-structure of the manifold M 7 described by the solutions of the Killing spinor equations.
Fermion representation of seven-dimensional spinors
A fermion representation of seven-dimensional (SO(7)) spinor can be obtained using the following fermionic creation and annihilation operators satisfying {a i , a j } = δ ij :
2)
where i = 1, 2, 3. The seven-dimensional gamma matrices can be represented using these operators as
The bilinear n-forms defined similarly for n ≥ 4 are not independent but Hodge dual of those with n ≤ 3.
Here, we take y 7 -direction as a special reference direction. The creation and annihilation operators (a i , a i ) belong to (3, 3) representations of SU(3) ⊂ SO (6) , where this SO(6) is the rotation group orthogonal to the y 7 -direction.
In this representation, the charge conjugation matrix C 7 (A . 14) becomes
We can represent an SO(7) spinor as a linear combination of Fock states on the (normalized) Clifford vacuum |0 defined by
The most general SO(7) spinor, therefore, can be written as
where we denote
In this representation, the conjugate operations on the spinor are realized by
where ij · · · k| = 0| a k · · · a j a i . The Majorana condition (2 . 18), in this representation, is written as
In general, the form of a spinor can be simplified by choosing a special local Lorentz frame, in which we can analyze the Killing spinor equations systematically. 29) In this paper, we consider the cases that the numbers of independent Killing spinors are N = 1, 2, 3, and 4. These four independent Majorana spinors can be expressed using the basis spinors
The differential Killing spinor equation
Let us first investigate the differential Killing spinor equation (2 . 20) for N = 1, 2, 3, and 4.
N = 1 case
For N = 1 case, we can take the Killing spinor as 19) where α = α(y) is a real function. From (2 . 20), however,
thus, the α must be a constant. Thus, we normalize ǫ as ǫ † ǫ = 1. Then the first Killing equation (2 . 20) restricts the spin connection to
nl , (3 . 23) where the decomposition of spin connection is defined in Appendix B.1. In other words, only the (ω
nl component of the spin connection is allowed to be nonvanishing. We must also note that Eq. (3 . 23) holds only in this special local Lorentz frame, since the spin connection is transformed inhomogeneously under the local Lorentz transformation.
N = 2 case
For N = 2, two (Majorana) Killing spinors can be taken as ǫ 1 and
where α = α(y) and β = β(y) are real functions satisfying α 2 + β 2 = constant, from the similar argument with the N = 1 case. From (2 . 20) , in this case,
By multiplying (3 . 25) by ǫ † 1 , we can obtain ∂ m α = 0, thus both α and β must be constants, since
Therefore, we can choose the two Killing spinors as ǫ 1 and ǫ 2 without the loss of generality.
The first Killing spinor equation (2 . 20) then yields 27) where the decomposition is defined in Appendix B.2. That is, only the (ω
nl component is allowed to be nonvanishing. It must again be noted that Eq. (3 . 27) only hold in this special local Lorentz frame.
N = 3 and 4 cases
Similarly, for N = 3 and 4 cases, the third and fourth Killing spinors can be taken to be ǫ i (i = 1, 2, 3) and ǫ i (i = 1, 2, 3, 4) respectively. For both cases, the first Killing spinor equation (2 . 20) gives the same conditions, in this special local Lorentz frame, as
where the decomposition of the spin connection is defined in Appendix B.3.
Bilinear forms of the Killing spinors
Using the Killing spinors, we can construct bilinear forms characterizing the G-structure. At the end of this section, we consider them for N = 1, 2, 3, and 4 cases, respectively.
N = 1 case
For N = 1, only one nontrivial spinor bilinear σ, 30) can be obtained as the bilinear of the Killing spinor, where emnp = em ∧ en ∧ ep denotes the wedge product of vierbein one-forms of M 7 . This three-form and its Hodge dual (σ, * σ)
36), 37)
N = 2 case
For N = 2 case, one can obtain a one-form,
and three three-forms, 35) as the bilinear of the two Killing spinors.
Using the differential Killing spinor equation (2 . 20) , one can show that K = K m dy m satisfies the Killing equation
Then, by choosing the y 7 coordinate along the direction of the Killing vector, the metric can be written in the form
where gmñ and w = wmdym (m,ñ = 1, · · · , 6), both of which are independent of y 7 , are the metric of the six-dimensional submanifold M 6 and a one-form on it. The three-forms (3 . 33)-(3 . 35) can be written using K, J, and the three-form
as
39)
40)
The independent forms (K, J, Ω) define the SU(3)-structure on M 7 .
36), 40)
N = 3 and 4 cases
For N = 3 case, nonvanishing bilinears of three Killing spinors are three one-forms,
43)
three two-forms,
46)
and six three-forms,
49)
50)
52)
Similarly to the N = 2 case, one can obtain three Killing vectors from the one-forms (3 . 42)-(3 . 44):
By choosing the (y 5 , y 6 , y 7 ) coordinates along the directions of these three Killing vectors (K 2 , K 3 , K 1 ), the metric can be written as * )
where gmñ, (m,ñ = 1, · · · , 4) and w I = (w I )mdym, all of which are independent of y 5 , y 6 , and y 7 , are the metric of four-dimensional submanifold M 4 and one-forms on it. The two-forms (3 . 45)-(3 . 47) and the three-forms (3 . 48)-(3 . 53) can be rewritten as
56)
57)
58)
59) 
by means of
)
The independent forms (K I , J, Ω) define an SU(2)-structure on M 7 .
For N = 4 case, additional three one-forms
67)
68)
three two-forms
71)
73)
and four three-forms
77)
79)
81) N = 1, 2, 3, and 4 Killing spinors. We must be careful, however, that the conditions on the spin connections hold only in this special local Lorentz frame.
Solutions of algebraic equations
Let us begin with solving the first algebraic equation (2 . 21) . We show that the warp factor A must be constant, independent of the number N of Killing spinors.
For N = 1, Eq. (2 . 21) must hold on ǫ 1 ;
The warp factor A, therefore, must be constant. We can set A = 0 by rescaling the three dimensional metric, which is equivalent to rescaling a into ae −A . We finally obtain The remaining algebraic equations (2 . 22) and (2 . 23) can be solved using the fermion representation introduced above. Here, we explicitly show how to solve them by using an example for (2 . 23).
* ) Then the solutions for all the Killing spinor equations are summarized for the cases of N = 1, 2, 3 and 4, respectively.
For ǫ 1 (3 . 15), Eq. (2 . 22) is rewritten as Using fermion representation introduced in §3.1, we can compute
where components F ij and F ij are defined in Appendix B. We obtain
Since each Fock state is independent, this is equivalent to
10)
The other equations can be solved in a similar manner, using irreducible decompositions by G-structure given in Appendix B.
Solutions of the Killing spinor equations
We summarize the solutions of all the Killing spinor equations as follows in the cases of N = 1, 2, 3 and 4.
For N = 1
For the N = 1 case, M 7 has a G 2 -structure, defined by (σ, * σ), which decomposes all the fluxes into its irreducible representations as explained in Appendix B.1. The solution of all the Killing spinor equations can be simply written as
aσ + H (7) * σ + H (27) , (4 . 14)
nl .
(4 . 16)
The components H (7) , H (27) , F (14) , (ω
nl , and a are not restricted. Again, we would like to stress that the spin connection ω (−) is not tensor and the condition (4 . 16) holds only in this frame.
For N = 2
For the N = 2 case, M 7 has an SU(3)-structure defined by (K, J, Ω). The solutions of all the Killing spinor equations are given by
The components
nl , and a are not restricted.
For N = 3
For the N = 3 case, we have an SU(2)-structure on M 7 defined by (K I , J, Ω). The solutions of all the Killing spinor equations are
23 − H
nl , 
12 + iH
31 ) Ω = 0, (4 . 28)
2 − H
2 ) = 0, (4 . 29)
where I, J ∈ {1, 2, 3} and L ∈ {2, 3}.
For N = 4
For the N = 4 case, there is no additional independent bilinear form to the N = 3 case. The geometry of M 7 admits again the SU(2)-structure. However, the solutions of all the Killing spinor equations are more restrictive as
with no restrictions to H (2) , H
nl and a. It should be noted that there is no extra condition on the gauge field F in addition to the N = 3 case. §5. G-structure and its torsion When there are no fluxes, H = 0 and F = 0, all the bilinear forms obtained in §3.3 are closed. Then they define a familiar geometric structure on the special holonomy manifolds. For example, the closed two-form J with dJ = 0 defines the complex structure and becomes a Kähler form.
* ) If there are nontrivial fluxes, however, the bilinear forms are no longer closed, but the deviation from the closed forms is characterized as the torsion of the G-structure.
In this section, we compute these torsions from the fluxes H and F using the Killing spinor equations. The G-structure is further classified in the class of torsion.
5.1. Torsion class of the G 2 -structure for N = 1
In the N = 1 case, there is a G 2 -structure 36), 37) defined by (σ, * σ). For general G 2 -structure manifolds, these forms (σ, * σ) are not closed but classified by four torsion classes
On the other hand, using the Killing spinor equations, we can show that the bilinear forms (σ, * σ) satisfy
Here we assume a hermitian metric.
Thus, the G 2 -structure manifolds obtained by supersymmetric solutions have the nontrivial torsion classes due to the three-form flux H as * )
τ 3 = H (27) . (5 . 8) 5.2. Torsion class of SU (3)-structure for N = 2
In the N = 2 case, M 7 admits SU(3)-structure 36) characterized by the forms (K, J, Ω).
For general SU(3)-structure manifolds, these forms (K, J, Ω) are not closed but characterized by thirteen torsion classes as
We can show that the bilinear forms (K, J, Ω) of the Killing spinors satisfy
By substituting the solution of Killing spinor equations, the torsion class of the SU(3)-structure is given by 22) and
25)
( 5 . 27) 5.3. Torsion class of SU (2)-structure for N = 3
In N = 3 case, M 7 admits SU(2)-structure, defined by the forms (K I , J, Ω). For general SU(2)-structure manifolds, these forms (K, J, Ω) are characterized by seventy-five torsion classes. They consist of thirty singlets, thirty doublets, and fifteen triplets of SU (2), whose explicit forms are not given here. On the other hand, the exterior derivative of bilinear forms (K, J, Ω) can be computed using the Killing spinor equations as
I Ω + H
(1)
(1) 30) which reduce further by substituting the solutions.
Torsion class of SU(2)-structure for N = 4
In N = 4 case, M 7 admits the same SU(2)-structure as in the N = 3 case. The Killing spinor equations, however, impose further constraints on the flux H. Thus, the intrinsic torsion becomes simpler as
Thus far, we concentrate on analyzing the Killing spinor equations but do not take into account the equations of motion and the Bianchi identities. In the next section, we show that it is sufficient to impose the Bianchi identities, which imply the equations of motion automatically.
§6. Integrability conditions and equations of motion
Here, we show that the Killing spinor equations and Bianchi identities imply that all the equations of motion, including the leading α ′ correction, are automatically satisfied. * )
This is well known in the case of a = 0 and R = 0. 15) In the case of R = 0, however, the solutions of Killing spinor equations and Bianchi identities is not always satisfy the Einstein equations. 11)-13) In this paper, we neglect the α ′2 order terms and show that the Einstein equations are satisfied in this approximation.
In our ansatz for the metric and fluxes, the equations of motion reduce to
The Bianchi identities, including the leading α ′ -correction, on the other hand, become
Supersymmetric solutions, in general, must satisfy all these equations in addition to the Killing spinor equations. However, all these equations are not independent as can be seen below. * ) More precisely, the discussion in this section holds in the leading α ′ approximation neglecting the α ′2 order terms.
From the integrability conditions of the Killing spinor equations
and identities
all of which are satisfied by the solutions of the Killing spinor equations, one can obtain 17) including the leading α ′ corrections. By imposing the Bianchi identities (6 . 5)-(6 . 6), these equations become
However, from a simple calculation, we can prove that they are equivalent to the equations of motion (6 . 1)-(6 . 4),
up to α ′2 order. Therefore, the equations of motion are automatically satisfied if we impose the Bianchi identities in addition to the Killing spinor equations. §7. Summary
In this paper, we present the G-structure classification for the AdS 3 -type solutions of Killing spinor equations in heterotic supergravity. Their solutions automatically satisfy all the equations of motion, if we impose the Bianchi identities, which include the leading-order α ′ corrections. 34) Here, it is important that there is no first-order α ′ -correction in the Killing spinor equations.
By choosing a special local Lorentz frame, we first simplify the Killing spinor equations before solving them explicitly. For N = 1, M 7 admits the G 2 -structure, defined by (σ, * σ). Among the general G 2 -structures classified by four torsion classes (τ 0 , τ 1 , τ 2 , τ 3 ) as in §5.1, the G-structure obtained by the Killing spinor is the special one with τ 2 = 0.
For N = 2, M 7 admits SU(3)-structure, defined by (K, J, Ω). We can obtain a Killing vector from K, which decomposes, at least locally, M 7 into the orbit R and its orthogonal six-dimensional submanifold M 6 . The remaining (J, Ω) can also be interpreted as the SU (3) There is no additional independent Killing spinor bilinear form for N = 4. The manifold * ) See also Ref. 24) M 7 also has the same SU(2)-structure as in the N = 3 case. However, the Killing spinor equations impose additional conditions on the three-form H. The torsion class of the SU(2)-structure is much more restrictive than the case of N = 3.
To obtain the interesting supersymmetric classical solutions, we must further impose the Bianchi identities including the leading α ′ -corrections. We hope to discuss this issue elsewhere.
Generation of Physics, Spun from Universality and Emergence", while the work of H.K. 
Appendix A Conventions for Gamma Matrices
In this paper, we adopt a special representation for the ten-dimensional gamma matrices ΓM (M = 0, 1, · · · , 9) as
whereγμ (μ = 0, 1, 2) and γm (m = 1, · · · , 7) are three-and seven-dimensional gamma matrices, respectively, defined bỹ
Here, the hatted symbols denote the indices of local Lorentz space. In this convention, the ten-dimensional chirality operator Γ ♮ is
The charge conjugation matrices of three and seven dimensions are given as
Appendix B Decompositions of Forms by G-Structures
For the seven-dimensional manifolds described by the solutions of the Killing spinor equations, it is convenient to decompose the seven-dimensional local Lorentz vector Am to (A i , A i , A 7 ), where
One can easily extend it to general tensors. The two-form Fmn is, for example, decomposed as (
is defined similarly to (B . 1) as
The seven-dimensional manifold with a Killing spinor admits a G 2 structure with a fundamental three-form σ. The non-trivial fluxes can be decomposed into irreducible representations of G 2 , using σ and it's Hodge dual * σ.
The two-form flux F , having twenty-one components, is decomposed into seven-and fourteen-dimensional representations of G 2 as
where
Similarly, the three-form flux H, having thirty-five components, is decomposed into singlet, seven-and twenty-seven-dimensional representations as
For the spin connection, (ω
m )nlen n el l , it is convenient to use such a reducible decomposition, that is, only the antisymmetric group indices (n, l) are decomposed into the same form with the two-form:
nl , (B . 11)
The seven-dimensional manifold with two Killing spinors admits an SU(3) structure defined by (K, J, Ω). The metric can be written as
where g mn is a metric of six-dimensional submanifold M 6 satisfying P m p P n q g pq = g mn ,
where P m n = δ m n − K m K n is the projection operator onto M 6 . Two-and three-forms (J, Ω), which also satisfy P m p P n q J pq = J mn and P m p P n q P l r Ω pqr = Ω mnl , can also be interpreted as an SU(3)-structure on M 6 . From the two-form J, we can define an almost complex structure J m n on M 6 . The three-form Ω is holomorphic in the sense that it satis-
projects a form onto its holomorphic (anti-holomorphic) component.
Then a two-form F (21) on M 7 can be decomposed to a two-form F [6] (15) and a one-form F [6] (6) on M 6 , where the number in the parenthesis is the number of components, as
These forms F [6] (15) andF [6] (6) on M 6 are further decomposed, using the SU(3)-structure (J, Ω), into 1 + 3 + 3 + 8-dimensional representations as 21) and 3 + 3-dimensional representations as
A three-form H (35) can also be decomposed to a three-form H [6] (20) and a two-form H [6] (15) on M 6 as
Similar to the two form F , the spin connection can first be decomposed as The seven-dimensional manifold with three or four Killing spinors admits an SU(2) structure, defined by three one-forms, a two-form, and a three-form (K (I) , J, Ω). where g mn is a metric of four-dimensional submanifold M 4 satisfying P m p P n q g pq = g mn ,
where P m n = δ m n − I K (I) m K (I)n is the projection operator onto M 4 . Two-and threeforms (J, Ω), which also satisfy P m p P n q J pq = J mn and P m p P n q P l r Ω pqr = Ω mnl , can also be interpreted as an SU(2)-structure on M 4 . From the two-form J, we can define an almost complex structure J m n on M 4 . The three-form Ω is holomorphic in the sense that it satisfies P m (−)p P n (−)q P l (−)r Ω pqr = Ω mnl , where the operator P m (−)n (P m (+)n ) defined by P m (±)n ≡ 1 2 (P m n ± iJ m n ) (B . 50) projects a form onto its holomorphic (antiholomorphic) component.
Then a two-form F (21) on M 7 can be decomposed to a two-form F [4] (6), three one-form F [4] I (4), and three zero-form F IJ (1) on M 4 as F = F [4] + F [4] These forms F [4] (6) and F [4] I (4) on M 4 are further decomposed, using SU(2) structure (J, Ω), into 6 = 1 + 1 + 1 ′ + 3 as We can also defineH IJK = ǫ IJKH (1) .
The spin connection can also be decomposed as 
In + (ω
In , (B . 87)
In = P n (−)p (ω 
